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REGULARITY THEOREMS FOR PARTIAL
DIFFERENTIAL OPERATORS

RICHARD S. HAMILTON

1. In this paper we introduce the notion of a regular space and a regular
linear or non-linear map. This is done in such a way as to abstract the notion
of a space of smooth sections of a vector bundle and a linear or non-linear
partial differential operator with smooth coefficients. The abstraction depends
upon the notion of being able to take covariant derivatives of the sections as
well as of the operators. This creates a category of spaces and maps, which is
closed under composition and also inversion. These regular spaces, while being
Fréchet spaces in one sense, have enough extra structures so that we may retain
a number of the important theorems of the corresponding theory for Banach
spaces. We prove for example that the set of regular linear maps with a regular
. inverse is open. We also prove an inverse function theorem: if a regular non-
linear map has a derivative at a point which has a regular inverse, then the
non-linear map has a regular inverse in a neighborhood of the point. It is hoped
that the reader will find this a useful framework for passing from results for
Banach spaces to results for smooth sections.

2. A regular space is a Fréchet space whose topology is defined in the fol-
lowing way by a norm and a finite collection of linear operators. Let E be a real
(or complex) vector space with norm ||}, and let F/,, - - -, Py be a finite collec-
tion of linear operators which map E into itself and have closed graphs in the
norm topology. If I = (i, - - -,i,) is a multi-index of length |I| =k with 1 <i,,
-+, iy < N, we define the higher-order operator I’;: E— E as the composition

Py =F;oFu0 - oF

i -
For each integer r we define the higher-order norm
ifl= 5 I
e |I)!
Note that {|f}l, = ||fl|. Let 7. be the topology on E induced by the norm | ||..
1f the topology 9., = G 7 . is complete (and hence Fréchet) we say that E, or
more precisely the tripie= '
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{E;VU"'5VN;|I|I}9

is a regular space. As an example, if M is a compact manifold and 4 a vector
bundle over M, then let I';(4) denote the regular space whose vector space
E is the space of smooth sections of 4 with a norm measuring the L, norms of
r derivatives, and with the operators V', - - -, being covariant differentiation
with respect to vector fields z,, - - -, Zy having the property that they span the
tangent space of M at each point. Note that L7(A4) is the completion of ';(A)
with respect to the norm of /";(A). In general it should be clear that at many
points it would be possible to use norms other than the L, norms on our func-
tion spaces. '

Let E and F be two regular spaces with the “same” operators V,, - - -, V. If
L: E — F is linear, we define V,L: E — F by

V.L)(x) =V {L(x)} — L) ,

-and define J;L for all multi-indices I by a repeated application of this definition.

We say that the map L: E — F is regular if the maps ;L are norm-bounded
for all 7. We shall show in the next section that if L is a linear partial differential
operator of degree r then (for any k > 0) L is a regular linear map of I';**(A)
into I'¥(B) in this sense. For this purpose we first prove some basic properties
of regular linear maps. ‘

If L is norm-bounded, then || L| denotes the smallest number with ||Lx|| <
IIL|| || x|]. Consequently, the vector space RL(E, F) of regular linear maps of E
into F admits the operators F,, ...,y and a norm. We shall show that
RL(E, F) is itself a regular space.

Lemma 1.

V{L(0} = 2 5V LYW %)

Vi{LoM) = % ef*(V ;L)o(F xM) ,

, K

N

N

where ¢l% is the number of different ways in which the multi-indices J and K
can be combined to form I without disturbing their internal orders. (Thus ¢I%
= O unless |I| = [J| + |K|.)

Proof. 1If |I] =1, then V {L(x)} = (V;L)(x) + L(V;x) follows directly from
the definition, while

FAL-MYX) = V{LoM®)} — LoM)F %)
= 7 LMD} + LT ME)} — LMV )
= {((F.L)osM}(x) + {Lo(Z M) ,

so V(LeM) = (F;,LYoM + Lo(FV;M). The cases |I| > 1 now follow by an in-
duction which is as easy to believe as it is clumsy to write.
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Lemma 2.

ILD, < j}k] WL Mlxlte s

=r

| LoM]l, < jZ (Ll 1M 1l -

T jiE=r

Proof. These estimates follow from the previous formulas (and explain the
presence of the factor 1/|I|! in the definition of | {|,). Thus

> Loy

L
1L = |I|!

1
= 2 == 2 &5V L|IW x|
ige |1 5k

<y » x5l

J+k=r |[JI<J IKI<k T |I|’

!
(since el = ]! )
I

i VLIV xx]l

JIITIK]!
1 1
S J+}I;=r (IJIZSJ _:,T'—_ HVJL”) (IK!ZS:k _I—E_lh!ﬂ HVKx”)
= 25 ILl; lixle

J+k=r

and the other formula is proved in the same way. Note that the composition of
two regular linear maps is a regular linear map by the second formula. More-
over, these two formulas show the very useful fact that the evalution maps

RL(E,F) X E—F, RL(E,F) X RL(F,G) — RL(E,G)

are continuous in the Fréchet topologies, a property which in general is lacking
for Fréchet spaces.

Also we see that L has a unique continuous extension L,: E” — F”.

We now prove that RL(E, F) is itself a regular space. For let {L,} be any
sequence in RL(E, F) which is Cauchy in each norm | ||,. By Lemma 2, for
each xe E '

“ILH(x) - ILm(x)”r = “(ILn - ILm)xib
S }I;—'r ”Ln - Lm”j “x“k .

J+k=

Hence {L,(x)} is a Cauchy sequence in F for each xe E. Let L,(x) — L(x).
This defines a linear map L of E into F. Moreover since V,{L,(x)} =
37 eI®(F ;L,)(V xx) it follows by induction on {I| that (F,L,)(x) — (F;L)(x) for
K,J

each x. But since {F,L,} is Cauchy in the norm || |}, it follows that V/,L, —¥,L
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in the norm || |, for each |/|. Hence L, — L in each norm || ||,. Thus L, — L
in the Fréchet topology of RL(E,F), so RL(E,F) is complete and hence a
regular space. ‘

We shall also define regular multi-linear maps. If L: E, X -+ X E, —» F
is multi-linear we define V,L: E, X --- X E, — F by

(ViL)(xia v ',xn) = Vi{L(xU v "xn)} - L(Vixnxz’ M "xn) —_

— L(x, + oy Xq_ s ViXn) .

Then the space of regular multi-linear maps of E, X -.- X E, into F is again
a regular space, denoted RL(E, X -+ X E,,F),or RLME,F)if E,= ... =
E, = E. The evaluation maps ¢: RL(E,F) X E—F and &: RL(E,F) X
RL(F, G) — RL(E, G) are regular bilinear maps; in fact, F,e =0 and ;g =0,
as follows directly from the definition.

3. Let 4 and B be vector bundles over M, and 2 be a functor mapping the
category ¥ of finite-dimensional vector spaces and linear maps into itself. We
say that 2 is smooth if for any vector spaces E, E’, F, F’ in ¥ the map

A: L(E',E) X L(E,F') — L(A(E, F), ((E', F"))

is always smooth, where for convenience we assume 2 to be contravariant in
the first variable and covariant in the second. Then we can define a new vector
bundle (4, B) in the following way. If p e M, then the fibre (4, B), is just
A(A,, B,), while if @: U X E—~ A and¥: U X F — B are charts on 4 and B
over an open set U C M, then (@, ¥): U X AE,F) — A(A4, B) is a chart on
A(A4, B), where of course

N0, ¥), = X237, .

In order to do covariant differentiation we need to have connections on our
bundles. If z: 4 — M is the projection map for the bundle 4, and if ae 4,
then VTA, =KerTx,: TA, —TM,, is the subspace of vertical tangent vectors
at a. A connection on the bundle A4 selects at each point a e 4 a complementary
subspace HTA, of “horizontal” tangent vectors. For each tangent vector
ze TM,, let C(z,a) be the unique vector in HTA, with Tz{C(z, a)} = z.
Clearly C is linear in z for each fixed a. If C is also linear in a for each fixed
z, then the connection C is called an affine connection. If @: U x E — A4 is
a chart on A4, then T@¢: TU X TE — TA is a chart on T4 and we can write
a= ®(u,e), and for ze TM,,

C(z,a) = TP(z, (e, r()e)) ,

where TE = E X E and y: TU — L(E, E). We call y the local representative
of the connection in the chart @. In case the reader is lost in all the linear
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algebra, let x!, - -+, x* be coordinates on U, so that 3/dx’, - .., 3/dx™ form a
basis for TU at each point, and let e,, - - -, e, be a basis for E. Then we can
write

r(-2r) e = T rie,

where the [, are smooth functions on U and are called the Christoffel symbols
of the affine connection. It is an easy matter to show that for any connection
and any point p € U we can choose the chart ¢: U X E — A4 so that y, = 0.
Moreover, for any symmetric connection on the tangent bundle TM of M, we
can choose around any point p e M a chart ¢: W C R® — U C M such that
if @: U X R* — TM is the natural chart @(pw, v) = Te(w, v) then 7, = 0 in
the natural chart @; this is just the familiar theorem on the existence of
geodesic coordinates. A symmetric connection on TM is one with C(z,w) =
C(w, 7). We say that the chart ¢ is flat at p if y, = 0. This means just that
HTA, = TO(TU,, X {0}) and VTA, = TO({0} X E).

.Now it is not hard to prove that if A and B are bundles with connections
and if 2 is a smooth functor of V -into itself, then there exists a unique con-
nection on A(4, B) with the property that if the charts @ and ¥ are flat at p then
so is the chart 2@, ¥). This can be expressed more generally by the following
formula; if y: TU — L(E,E) and §: TU — L(F, F) are the representatives of
the connections on A and B in the charts ¢: U X E—> A and ¥: U X F —
B, then the representative of the connection on (4, B) in the chart (@, ¥)
is given by

0: TU — LQA(E, F), (E, F)) ,
o(z) = DA@d, id)(—y(2), 6(2)) ,
where D(id, id) is the derivative of
A: L(E,E) x L(F,F) — L(A(E, F), XE, F))

evaluated at the identity maps of E and F.

Suppose now that we take 4 to be L. Let A and B be bundles over M with
connections, and let ¥/, represent covariant differentiation with respect to the
vector field z. If [ is a section of L(A4, B) and x is a section of 4, then l(x) is
a section of B defined by I(x), = [,(x,).

Lemma 3. There exists a connection on L(A, B) such that

VA(0} = 7.0 + 17 .x) .

Proof. If the chart @ is flat at p and if x also denotes the representative of
the section x in the chart @, then the covariant derivative is given at p by
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By a multiple appplication of Lemma 2, if # > r, then

4, < 2 HA4lly - 14l
1 Jn=r

1+t in

g 1 1

since at most r of the j, - -.,j, can be non-zero and there are n* terms alto-
gether. Consequently
lim sup ¥ A7, = 4], <1.

Therefore the above infinite series converges by the root test in each norm | ||,.
Since RL(E, E) is complete, the series converges to a regular linear map in
RL(E, E), which we denote by B. Since the series converges absolutely in each
norm | |,, we can rearrange terms, so B(I — A4) = (I — A)B = I. Hence
I — A has a regular inverse.

Corollary 1. If L and A are regular, L has a regular inverse, and || A|),
< |IL-!||%, then L — A has a regular inverse, and hence the set of maps in
RL(E, F) with a regular inverse is norm-open. :

Proof. (L — A)™' = L~'(I — AL™Y)".

Corollary 2. If Ae L(E",E") and || A, <||L"|;*, then L, — A has an in-
verse in L(E", E7). ‘

Proof. This follows from the convergence of the series in || ||,. We shall use

this fact later.
We say that the regular map L has a left (or right) quasi-inverse M, if M is
regular and for each r there is a constant C, with

I(ML — Dxl,., < C,||x], (or @M — Dxl.; < C,||x]},) .

Theorem 3. If L is regular and has a left (or right) quasi-inverse M ,. and A
is regular with ||A|l, <|M|;* then L — A has a left (or right) quasi-inverse
given by

N=M+ MAM + MAMAM + ... .
Proof. For the n** term, if n > r + 1, then
MA .. AM|, < 2n + D [{AFIMIFIAllg " IMIE-T

as before, so the series converges absolutely in each norm || ||, by the root test.
Rearranging terms we see that

NWL —A) —I=(M 4+ MAM + ... YL — A) —1
=+ MA + MAMA + ... )(ML — 1) .

The rest of the proof is obvious.
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5. Let V be a real finite-dimensional vector space, and E and F be complex
ones. The Fourier transform defines an isomorphism of the regular space
I';(V, E) of maps of V into E, all of whose derivatives lie in L,, and with operators
8/dx?, onto another regular space I'{"(V*, E) of functions which are in L, with
respect to any polynomial weight function, and with operators multiplication
by ix?. In the first case the norm is }] fla,f(x) fdx where 9; = -awm,—,

Tsry) oxtr. .. gx*
and in the second case the norm is

b f!g(x) [ x*dx .
Hi<r -V‘

If Q is a partial differential operator from E to F of degree r with constant
coefficients, then Q € L(P"(V, E), F) and there is a unique Q e Pr(V*,L(E, F))
with

Q/(\f)(v) = 0w f() forallweV*.

We say that Q is elliptic if O,(v) is invertible for all v # 0, where Q, is the r
order part of Q.

If Q is elliptic, then O: I'{M(V*, E) — I'O(V*, F) clearly has a two-sided
quasi-inverse given by ¢(v)Q(v)~* where ¢ is a smooth function which is = 1
for large v and vanishes for those v for which O(v) is not invertible. This is a
quasi-inverse, since it is a true inverse except for v in a bounded set, where all
polynomial weight functions are comparable. By applying the inverse Fourier
transform we see that Q: I';(V,E) — I')(V, F) has a two-sided quasi-inverse
if Q is elliptic with constant coefficients. By Theorem 3 it follows that any
linear partial differential operator whose coefficients are sufficiently close to
constant elliptic ones in the supremum sense has a two-sided quasi-inverse as
amap of I'i(V,E) — 'V, F).

Suppose M is a compact manifold and that Q is a section of the bundle
L(P"(TM, A), B), so that Q defines a linear partial differential operator of
degree r from A to B (remember j*A =~ P"(TM, A)). Then there is a natural
transformation of functors which takes Q into a section O of the bundle
PT(TM*, L(A, B)). The highest order homogeneous part 0, e L' (TM*,L(A, B))
is called the symbol of Q, and Q is elliptic if and only if 0. (v) is invertible for
all non-zero cotangent vectors v ¢ TM*. If pe M and we choose charts in a
neighborhood of p, then we can write Q = @, -~ B, where Q, has constant
coefficients equal to those of Q at p and B, vanishes at p. If ¢, is chosen to be
= 1 on a neighborhood W73, of p but to vanish outside a neighborhood W% of
p which is sufficiently small, then regarding O, — ¢,B, as an operator on a
whole vector space by setting it equal to @, outside the domain of the coordi-
nate chart we can make Q, — ¢,B, have a two-sided quasi-inverse N, by the
previous remark, provided we make W? sufficiently small. Choose a finite
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number of points p such that the {W}} cover M, and let {1,} be a partition of
unity with respect to this cover. Finally, let £, be chosen to be = 1 on the
support of 1, and to have compact support in W7,
Let N = 3] p,N,4,. Then
b4

NQF — f = § N, 2,0f — f
= T wN, @, ~ 0,B,)f — |
(since 1,0, = ,)
= 2 1oNo(@p — @B + 20 11N, Qp — 0,B,1f —
= 1 t5N(Qy — :By) — LILF + 1 1,N,(2,, @5 — 0,8, If
(since p 2, = 2, and 3] 1, = 1).
But N, is a two-sided quasi-inverse for Q, — ¢,B,, and [2,, Q, — ¢,B,] is

a differential operator of degree at most r — 1. Hence for each k we can find
a constant C, with '

INQ — Dflly ks < Cllfllyse -
Likewise,
ONg — g = 2. (Qp — 9:B)ppN, 2,8 — 8
(since the operator (1 — ¢,)B,u, vanishes everywhere)
= 210, — 0B, 1IN, 4,8 + T 15(Qp — 0,8)N 38 —2
= T 12, — 0B, 1IN, 3,8 + T 11©Q, — ,BN, — kg ,

and hence also
ION — Dgllx.1 < Cill8llk -

Let 0, and N, denote the unique continuous extensions of @ and N to
L;+*(4) and L%(B) respectively. It now follows from the Rellich selection
theorem that N,O, — I: L;**(A) — L;+*(A) and Q;N, — I: L¥(B) — L%(B) are
compact for every k. Hence Q,: L;**(4) — L%(B) is Fredholm for every k, as
in Ny: LXB) — L;**(4). Moreover deg N,Q; = 0 so degN, = —deg Q,.
Since dim ker Q, cannot increase with & while dim coker Q, cannot decrease
with k, we have that deg Q, is a non-increasing function of k. But the same
applies to deg N, so degQ; is constant. This means that dim ker Q, and
dim coker 0, must be constant. Consequently Q: I'j**(4) — I'S(B) is
Fredholm. This proves the well-known result that every linear elliptic operator
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is Fredholm on the smooth functions. It also shows that if f e L;(4) and Qf is
smooth, then f is smooth.

6. We add a few remarks on duality. Let E be a regular space with operators
V. ---,Vy, and let these operators act trivially on R, the real numbers. Then
E* = RI(E, R) is a regular space, If L: E — F is regular, it is easy to show
that the adjoint L* defines a regular linear map of F* into E* with V;L* =
W Ly*.

Suppose that the norm on E comes from a regular bilinear inner product

B:EXE—R.

We say that E is a regular Hilbert space if E = E*, i.e., if every l ¢ E* is given
by l(x) = B(x,y) for some y¢ E.
Theorem. [5(A) is a regular Hilbert space with the inner product

B(.0) = 5 [Wit.Fmdav,

where {,> is a Riemannian metric on the bundle A, and dV is a.smooth
measure on M.
Proof. First we show that B, is regular. The map I'5(A4) x I';(4) — I'YD
given by (f,8) — l:IL." {V.f,V:8)> is regular by the same reasoning we applied .
<r

to linear partial diﬁer_ential operators. We must show that any map of the form
F— f f-odV where ¢ is a smooth function is a regular map of 7';(I) into R.
M

We can always write locally

f f-pdV = f HX)w(dx

vi=z29 _ g,

xi
where ¢ is a function depending on the connection. If
L) = [f-pav,
M

then
V.L) = V{LP} — LW.H = —LF N

= — [ (=2~ gf)ot0ax

= f 1(x) {a—ZY[Zi9°(x)j + ¢(x)¢(x?] dx
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= [fondx = [f-nao,

for some globally defined function ». Hence covariant differentiation of a map
of the type of L always gives another map of the same type. Since such a map
is norm-bounded, it is regular.

Finally, suppose L: I';(4A) — R is regular. Then L is norm-bounded, so
L(f) = B,(f, g) for some g e L;(A4). Moreover, B.(f, 8) = By(f, Og) by Green’s
theorem, where Q will be an elliptic (self-adjoint) operator of degree 2r. Since
L is regular,

LW = (=D"F L)@ ,

where I'* is I backwards; this formula follows easily by induction on L(V,f) =
—(7,.L)({), and is true because the operators on R are trivial. Therefore |L(Vf)|
< C;||f]lz~ for some constant C; and all I. Hence

| [<7it, 085V < Cliflas -
M .
It is a standard argument in distribution theory that if 4 ¢ LY(A4), and

[t B] < €ty

for all I, then 4 is smooth. Hence Qg is smooth, and g will be smooth since Q
is elliptic. Thus L(f) = B,(f, g) for ge I';(A).

Regular Hilbert spaces have the following beautiful property.

Theorem. Let E and F be regular Hilbert spaces, and L: E— F be regular.
If L,: E® — F° is invertible, then so is L, and L' is regular.

Proof. Form the adjoint L*: F* — E*. Since E and F are regular Hilbert
spaces, E = E* and F = F*. Hence L*L maps E into itself and is regular.
Moreover,

(L*Lx,x) = (Lx,Lx) > ¢(x, x)
for some ¢ > 0, since L, is invertible. Therefore

(I — kL*L)x, I — kL*L)x)
= (x,x) — 2k(L*Lx, x) + k*(L*Lx,L*Lx)
< (1 — 2ke + K |L|P || x]F .

Choose k < 2¢/||L|F. Then ||I — kKL*L|| < 1. It follows from Theorem 2 that
kL*L has a regular inverse. Hence L*L and likewise LL* have regular inverses
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A and B. Since AL*L = I and LL*B = I, L is invertible and has a regular
inverse L= = AL* = L*B,

Corollary. If the linear partial differential operator Q is invertible as a map
of Banach spaces Q: L;**(A) — LX(B), then it is invertible as a map of Fréchet
spaces Q: C=(A) — C>(B).

7. -We now turn our attention to non-linear partial differential operators.
Let U be an open set in the vector bundle 4, and «: U € 4 — B be a smooth
map which takes fibres into fibres, i.e., 750 a = . If we choose connections
on A and B, then for any point a ¢ U we have direct sum decompositions T A4,
~ HTA,® VTA, and TB,,, =~ HTB,,, ® VTB,,,. Consequently we can

write Ta, as a matrix
I 0
Ta, = .
Va, Do,

If r,a=peM, then HTA, ~ TM,, VTA, = A,, HTB,,, = TM,, and
VTB, ., =~ B,. Hence Tq, is determined by two linear maps Fa,: TM, — B,
and Da,: A, — B,. This defines new maps Va: UC 4 — L(TM, B) and
Da: UC A — L(A, B) which also take fibres into fibres. We can think of Fa
and Da as being the horizontal and vertical derivatives of a.

The map « induces a map L¥(a) of an open set W in L}(A) into L§(B) for k
greater than the dimension of M by the Sobolev inequalities. This map has a
Fréchet derivative; in fact it is easy to see that DL¥(a) = L¥(Dw). If we regard
I'%(A) as a normed vector space, we can also write DI"¥(a) = ['(Da) with the
- derivative being taken in the norm topologies. (Recall that L(4) is the com-
pletion of I"¥(4), which as a space contains only smooth sections.)

Let x be a section of 4 whose range lies in U. Then

T I
X, =
? 4 xp)

in terms of the horizontal and vertical decomposition of TA,,,. Here Fx is a
section of L(TM, A); if z is a vector field, then ¥,x = Fx(z). Since

T(xox), = TaypoTx, ,

(rn) = e el
V(aox),] ~ \Pozp Dayg/\Fx,)’

$0 P(aox), = Vatyp + DatypVx,. Hence, if z is a vector field, then

we have

P (aox) = V,a0x + (Daox)ol x .
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Consequently, since aox = I'§(a)(x), we have
VAT )0} = I .2)(x) + T (Da)(x)F (%) .

Now I'*(Da) = DI'*(a). We would also like to write I'¥(V ,a) = V,I"%(a). This
suggests the following definition.

Let E and F be regular spaces with the “same’” operators 7, - .-, V. Let
U be a norm-open set in E, and let P: U C E — F. We say that P is norm-
smooth, if all the derivatives D?P: U & E — L*(E, F) exist in the norm-
topologies and are norm-continuous. The map P extends in this case uniquely
to amap Pr: U” C E” — F~ on the closure of U in || ||,, and this map P, will
be differentiable and D*(P7) = (D"P)". We define V,P: U C E — F by the
formula

VP)(x) = V{P(x)} — DP(x)(V ;%) .

If /P is norm-smooth, we can define V,V;,P = F,,P, and so on. If V/;P is
defined and norm-smooth for every multi-index I, we say that P is regular.

We now prove a series of lemmas leading up to the assertions that D*P(x)
is a regular k-multilinear map, and that D*P: U C E — RL*(E, F) is regular
with D(D*P) = D*(D,P).

Lemma 4.

7 {D*P(x)} = D*(V,P)(x) + D**'P(x)(¥ ;%) .
Proof. 1If k = 0, the lemma follows from the definition of 7,P. We proceed
by induction on %. '
DE.HP(x)(’vl’ sy Vg, }’)
== lti_I.I(} [DkP(x + ty)(vn *t 0y vk) - DkP(x)(vn R ’U,‘)]/t >
where the convergence is in the norm topology. Since 7, has a closed graph in
the norm topology, we must have
Vi{Dk+1P(x)(vls sy Vg, y)}
= m P, [D*P(x + 1)y, -+, v) — D@, -+ -, w11 ,
which by the induction hypothesis equals
lim [7{D*P(x + ty)(v,, - - -, v} — V{D*P(X)(v,, - - -, v)}]/t
= lci—I:IOl [VL{DkP(x + ty)}(vn ct vk)
+ DkP(-x + t}’)(Vﬂ)u’Uz’ . ':vk) + e
+ D*P(x + ty)(wy, - -+, Vi) — V{D*Px)} 0y, « + -, Vi)
- DkP(X)(Vﬂ)l, Vyy + 'svk) — vt
— D*P(x)(v,, - - -,V w)l/t
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= lim [D*(7:P)(x + ) (v,, - - -, )
+ D¥*'P(x + )y, -, U, Vix + t7.y)
— D¥W .PY(x)(v,, « - -, V) — D¥ P(X)(0y, -+ -, Ve, V1 X)1/12
+ D¥PX)F 05, 05 + -+, Vi Y) + - -+ + DEFIPX)(0y, - -+ T 0, Y)
= lim [{D*(:P)(x + ty) — D*F P)X)} vy, - - -, v3)]/t
+ lim {D**'P(x + ty) — D**'P(Q)}(v,, - - -, vs, P01/t
+ D¥VP@)W 0,050 - - 06,Y) + + -+ 4+ D¥HPX) W, <+, 0k, Y)
+ Lim D**'P(x + ty)(vy, - - -, 03, V')
= D' PYx)(vy, - - -, V3, ) + D**P)(w,, - - -, Vi, VX, )
+ D¥POW 01,05+ 3 0,Y) + <+ - + DFYPX)(0,, - - -, 0, T ).

Hence recalling the formula for applying /7, to multi-linear maps we have
VAD**'P(x)} = D**'(V ,P)(x) + D***P(x)(V x) ,

which is the formula for & + 1. This completes the induction.
Lemma 5.

VAD*P(x)} = 3 ef¥vXKnDs+n(F . PY)W g %, -+ -, Vg, X)

where el %1% s the. number of ways of combing the multi-indices J,K,, - -+,
K, to form I without changing their internal orders, and such that the last
number in K, preceeds the last number in K,,,. Here we must always have
|K,| > 1, but J can be empty.

Proof. We merely use the above formula and induction on |I|. Indeed, if
{I| = 1 this is Lemma 4, while

V.{D*P(x)} = V. {V (D*P(x)}
= V{2 ef¥e oD W DY R i %, - - -,V g, %)}
= 2 g KD G PY )P g Xy -V i, %)
+ D" G PYXW %, Vg Xy -+ Vg X)
+ Dn+k(VJP)(x)(ViK1x, VX, -+ VK".X)
+ -+ Dn+k(VJP)(x)(VK1x, ey Vuc,,x)} .
Consequently V,,{D*P(x)} is composed of the right sort of terms, and we merely
need to count the multiplicities. As we apply the numbers in I, each time we
can do one of three things:
(a) addi to the front of J,

(b) addi to the front of some K,
(c¢) form a new index with /.
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Parts (a) and (b) require that we can combine J, K, - « -, K, to form I with-
out changing their internal order (since i is always added to the front of J or
K, from the front of I), while part (c) requires that the first number in K,
should preceed the first number in K, ;. This completes the proof.

As a corollary we have the following very important formula.

Corollary 2.

V{P(x)} = DP()(P1x) + -+,
where the dots denote terms of the form
D™ [PY)W g%, + -+ VI{,,x)

with |J| + |K,| + -+ + |K,| = |I| and |K,| <|I| for all K,, i.e., the dots in-
volve only derivatives of x of degree < |I|.

It is clear from Lemma 5 that F;{D*P(x)} is a norm-bounded multi-linear
map for all /. Hence D*P(x) is a regular multi-linear map and D*P: U C E —
RL¥E, F). It therefore makes sense to ask if D®P is regular. Since D*P is
smooth as a map into the larger space L*(E, F), it is smooth as a map into
RL¥E,F) C L*(E, F) in the norm topology. From the formula of Lemma 4,

{F (D*P)}(x) = V {D*P(x)} — D**'P(x)(V ;x) = D*(V ,P)(x) .

Thus 7, (D*P) = D*( ,P). It follows that ¥, (D*P) = D*(,P) for all I. Thus
D*P is regular for all R.

8. Let E” denote the completion of E in the norm || ||,. If U is a || ||;-open
set in E, we define the completion U” of U in the norm | ||, to be the unique
open set in E” with U"NE = U. If P: U C E — F is regular, then by the
formula of Lemma 5 the maps D*P all have continuous extensions

D*P . Ur C E" — LME",F") .

Lemma 6. P is smooth and D¥P™ = D*P".
Proof. Assume we have shown that D*P" exists and equals D*P" for some
k > 0. For x ¢ U and y e E sufficiently small we will have

D*P(x + y) — D*P(x) = f DEHP(x + )t .

By continuity, for all xe U” and y ¢ E7 sufficiently small we will have

D*P(x + y) — D*P"(x) = f DB (x + 1))t ,
0

and hence
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D*P(x + y) — D*P7(x) — D 1P (x)(y)
) S, __
= f [DFP(x + ty) — DF P ()](y)dt .
0
Now if [ly||, is sufficiently small, we can make

| D¥*Pr(x + ty) — D P (x)|l, < e

for any ¢ > 0. Then we will have

|D*P"(x + y) — D*P"(x) — D¥* Pr ()|, < eyl -

This proves that D*P7 is differentiable and DD*Pr = D**'Pr, Hence by in-
duction on k, P is smooth and D*P" = D¥Pr.

Theorem 4. If P and Q are regular, so is PoQ. If VP and V,Q exist and
are norm-smooth for [I| < r, then the same holds for PoQ. Also V (PoQ) =
V.PoQ + (DP-Q)(.0).

Proof. If P and Q are norm-smooth, then so is PoQ and

{F:(P-Q}x) = V{(PoQ)x)} — D(P-Q)(x)(V ;X)
= (F;P)(Qx) + DP(QX)[V (Qx)] — DP(Qx)[DQ(x)(V x)]
= (7:P)(Qx) + DP(OQ)[(F.0))] .

So V(PoQ) = V;PoQ + (DP-Q)(V,Q). Hence if I/;P and F,Q are both norm-
smooth, so will be 7;(PoQ). Moreover by applying the formula repeatedly, we
see that if ;P and V;Q exist for |I] < r, so will F;(P-Q) which can be ex-
pressed as a formula involving terms of the form

(DnVJPOQ)(VKIQ: e ’VK,,Q)

with [J| + K| + -+ + K] = [I].

9. Now we prove an inverse function theorem for regular maps.

Theorem 5. Suppose that P: U C E — F is regular, and that for some
x e U,DP(x) has a regular inverse. Then P gives a bijection of a norm-open
neighborhood V of x onto a norm-open neighborhood W of P(x), and
P': WCF—V C E is regular.

Proof. First we observe that DP%x) will be invertible, so by the inverse
function theorem for Banach spaces, P° gives a diffeomorphism of an open set
V° containing x onto an open set W°. Let ¥ = V' N E and W = W° N F. With
no loss we can assume that #° is the ball of radius p around P(x), and hence
is convex. Then W~ = W' E~ will be convex, and hence connected, for
every r. ‘

Consider the completions P7: V" C E* - W’ C F".

Lemma 7. P (V") is open in W for all r, if p is sufficiently small (in-
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dependent of r).
Proof. Choose p so small that for all y e V°,

| DP'(y) — DP'(x)|}, < 1/|DPYx)7"), -

By Corollary 2, if ye V7, then the map DPr(y) will be invertible. Hence by
the inverse function theorem for Banach spaces, P7(V'") will contain a neigh- -
borhood of P7(y) for every y € V. Hence P7(V") is open in Wr.

Lemma 8. Pr(V7) is also relatively closed in W', and hence PT(V") = W,

Proof. Suppose z,eV " and P7(z,) —w e W7. Choose y, € V with ||y, —Z||,
< 1/n. Then P(y,) - we W7 in || ||,. We proceed by induction on r. Suppose
Py (-1 = Wr-', Since P° is one-to-one, P7~! must be as well. Therefore
P! will have a smooth inverse (recall that DPr-1(y) is always invertible) so
the sequence y, will converge to some point y ¢ V7! with D"~(y) = w. More-
over by Corollary 2, if |I| = r, then

VI{P(yn)} = DP(yn)(VIyn) + - Tt
where the dots denote terms of the form
Dk(VJP)(yn)(VKly'm ] kayn)

with {K,| <. Since P(y,) convergesin || ||,, V;{P(y,)} will converge in || ||;; as
will each sequence EpYn with [K,| < r, and hence each expression denoted
by the dots. Therefore the sequence DP(y,)(V;y,) = u, converges in | ||, More-
over each DP(y,) is invertible and DP(y,)~! converges to DP(y)~!in | [,. There-
fore the sequence V;y, = DP(y,)"'u, converges in || ||, for every I of length r.
But this implies that y, converges to y in || ||, Thus w = P7(y) e P7(¥'"), which
proves that P7(V7) is relatively closed in ", and hence P*(V'") = W* since Wr
is connected.

It follows immediately that P(F) = W. Also P is one-to-one, since P s,
We must show that P~': W C F — V C E is also regular.

Lemma 9. P-! s norm-smooth.

Proof. We know from the inverse function theorem that P° is invertible and
(PY-! is norm-smooth. Moreover, D(P") (x) = DP"((P)~'x)"!, so if xeF,
then DP~(x) exists and equals DP(P~'x)~. Since DP(P~'x) has a regular in-
verse, DP~!(x) maps Finto E. Hence P~': W C F— V' C E is C! in the norm
topology. Since

DP~(x) = DP(P~'x)™* ,

is follows that if P! is of class C*, then so is DP~'; so P! is of class C**!,
Hence P~! is norm-smooth.
Lemma 10. [ ,P~! is norm smooth and

PPt = —(DPoP ) '(V,PoPY) .
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Proof. We showed before that ,
ViPoQ) = V;P-Q + (DP-Q)F.Q) ,
if P and Q are both norm-smooth. Hence letting Q = P,
0=V (PoP ')y = F,PoP™' + (DP-PHF,PY,

s0 VP~ = —(DPoP )~ (,PoP"). Since ,P, DP and P! are all norm-smooth,
so is I/, P.

We now conclude that P is regular. For if I/,P~! exists and is norm-smooth
for all I with |I| < r, then it will also exist and be norm-smooth for all 7 with
|I] < r + 1 by the above formula, once we have shown the following.

Lemma 11. Let U & RL(E, F) be the set of elements in RL(E, F) with a
regular inverse, and let Q: U C RL(E,F) — RL(F, E) be given by Q(L) =
L. Then Q is regular.

Proof. We know that Q(L) is smooth and DQ(LYM) = —Q(L)oM-Q(L).
Therefore ' :

V(L) =V {Q)} — D)V ,L)
= —Q)F LoQ(L) + QL)oF LoQ(L) = 0.
Hence V,0 = 0.

10. Finally we point out how this result can be applied to non-linear partial
differential operators. If « is a smooth map of an open set U in the bundle jr4
into the bundle B, then the induced map I'i(a): ['#(U) € Ti(jr4) — T'¥(B) is
regular, since for every multi-index / we can find a smooth map V;x: UC j 4
— B which also takes fibres such that

V. ['(a) = TV ;00) 3

this follows from the remarks at the beginning of the last section. Moreover
the r-jet extension j7: I';**(A4) — I'%(j"A) is regular, and the composition of
two regular maps is regular. Hence any non-linear partial differential operator
Q = I'¥(@)oj" is a regular map of an open set in I";**(A4) into I'¥(B). Moreover
for any section x with Im j*x C U the derivative of Q at x

DQ(x) = I'{(Da(x))oj

will be a linear partial differential operator and hence a regular linear map of
I'1+*(A4) into I'%(B). Suppose that its completion

DQ(),: L;*X(A) — Li(B)
is invertible. It follws from the results of § 6 that

DQ(x): I'i*"(A4) — I'}(B)
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is invertible and has a regular inverse. Therefore by Theorem 5 the non-linear
partial differential operator Q gives a bijection of a neighborhood of x onto a
neighborhood of Q(x) and the inyerse will be regular. Consequently the condi-
tion for inverting the operator Q on the smooth functions is just the same as
that for inverting it on an appropriate L, completion.
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